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There are certain semiempirical equations for estimating heat transfer coefficients for liquid 

metals flowing through regular shapes. These contain the factor F, which i s  the average, 
effective value of the ratio of the eddy diffusivity of heat transfer to that for momentum 
transfer. The main problem in liquid metal heat transfer has been to evaluate this quantity. 

In the heating and cooling of turbu- 
lently flowing fluids, in a circular pipe, 
heat is transferred in the radial direction 
by two mechanisms: molecular con- 
duction and eddy transport. In ac- 
cordance with the classical mixing- 
length theory of Prandtl (1) small 
particles of fluid having fluctuating ve- 
locity components in the y direction, 
that is perpendicular to the wall, trans- 
port both sensible heat and momentum 
from their points of origin to their 
points of rest, or disappearance. 

In liquid-metal heat transfer analy- 
sis the real problem has been to assess 
properly the eddy transport contribu- 
tion in the total rate of heat transfer. 
In early theoretical studies the eddy 
diffusivity of heat transfer was either 
assumed equal to that for momentum 
transfer or simply treated as a parame- 
ter, whose values were unknown. 
Neither of these approaches led to 
theoretical relationships which could 
be relied upon to predict, at all times, 
liquid-metal heat transfer rates with 
sufficient accuracy. 

For heat transfer to fluids flowing 
turbulently through symmetrical shapes 
such as pipes and annuli (as well as, 
in certain cases, through unbaffled rod 
bundles), it is possible to derive pre- 
cise theoretical equations for express- 
ing the heat transfer coefficient. For 
flow through pipes, under conditions 
of constant heat flux and fully-estab- 
lished turbulent flow, such an equation 
is ( 2 )  

n r  , 
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But this equation has two drawbacks: it 
is unwieldly to use and it contains the 
variable quantity +, which cannot be 
evaluated with much certainty. The 
term 4, defined as the ratio E J E ~ ,  

varies across the flow channel and 
with both Prandtl and Reynolds num- 
bers. 

To eliminate the first drawback in 
applying Equation (1) to liquid met- 
als, Lyon found that it could be very 
closely approximated by the simple, 
semiempirical equation 

N N ,  = 7.0 + 0.O25(Npe)O8 ( 2 )  

assuming that t/~ was constant and 
equal to 1.0. Lyon also found that if 
an average value of +, $ were used in 
Equation ( l ) ,  then Equation ( 2 )  be- 
came 

N N , ,  = 7.0 + 0.025 ( G N p . )  O ' (2~) 

This equation has been known for 
several years, but the question of how 
to evaluate $ in a particular case has 
never been satisfactorily settled. The 
use of 7 has the advantage over the use 
of t/~ in that the problem of dealing 
with local variations in the latter is 
avoided. Thus with a reliable method 
of estimating 5, Equation (2a), in com- 
parison with Equation (l),  would be 
by far the more convenient means of 
estimating the heat transfer coefficient 
for turbulent flow of liquid metals in 
pipes. 

There have been several attempts 
(3 ,  4, 5, 6, 7, 8) to produce a rational 
method of evaluating the contribution 
of eddy transport in liquid-metal heat 
transfer, but these have not wholly suc- 
ceeded, thus far, in bringing theoreti- 
cal predictions and experimental re- 
sults, particularly the more recent re- 
sults, into satisfactory agreement. 

Figure 1 gives a comparison of sev- 
eral theoretical Nusselt number vs. 
Peclet number curves for predicting 
liquid-metal heat transfer rates. The 

A.I,Ch.E, Journal 

Lyon-Martinelli curve (curve A) is 
based on the assumption of $J = 1 at 
all Peclet numbers; the others are each 
based upon some rational method of 
evaluating JI. 

It  would seem logical that the true 
Nusselt number vs. Peclet number 
curve, for turbulent flow and a given 
Prandtl number, should merge smoothly 
with the approximate molecular-con- 
duction relationship N N u  = 7 at the 
low-Peclet-number end and merge 
smoothly with the Lyon-Martinelli 
curve at high Peclet numbers. I t  is 
seen that none of the theoretical curves 
in Figure 1 appears to meet both of 
these conditions. 

Molecular conduction remains the 
chief mechanism of heat transfer at the 
low end of the turbulent regime, be- 
cause the eddies appear to lose essen- 
tially all of their heat while in transit. 
On the other hand when a Peclet num- 
ber of about 5,000 is reached (for 
flow in circular tubes), which corre- 
sponds to a Reynolds number of about 
250,000 for mercury and 700,000 for 
sodium, it would appear, on the basis 
of present information, that the eddies 
lose an insignificant fraction of their 
heat. But in contrast to the case of 
ordinary fluids, even under these con- 
ditions, an appreciable fraction of the 
total heat transfer may still be due to 
molecular conduction. 

This paper presents yet another at- 
tempt to produce a relationship for 
evaluating the eddy diffusivity effect, 
but one which, in the opinion of the 
author, gives Nusselt number vs. Peclet 
number curves that are consistent with 
the above two principles and that give 
better agreement with recent, and pre- 
sumably more accurate, experimental 
results. The derivation of this relation- 
ship, owing to the speculative nature of 
the subject, necessarily involves a cer- 
tain degree of empiricism. 

The purpose of this paper is to pre- 
sent a practical method of evaluating 
$J for use in semiempirical equations, 
such as Equation (2u), to estimate 
liquid-metal heat transfer coefficients 
for turbulent flow in circular tubes, in 
annuli, and through rod bundles. 

- 
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Fig. 1. Comparison of theoretical curves for representing 
liquid-metal heat transfer for flow in round tubes, under 
conditions of constant wall heat flux and fully-established 

flow. 

CONSIDERATIONS 

In the following treatment the au- 
thor shall consider the component of 
the eddy velocity in the mean flow, or 
x, direction, u‘, and that perpendicular 
to the mean flow, or y direction, 0’. 

Next Prandtl’s (1 ) mixing-length 
theory, which defines the mixing length 
by the equation 

(3)  
du u’=I’- 

where P is the instantaneous mixing 
length, is employed. Then the eddy 
diffusivity of heat transfer is written as 

dY 

ELI = fHIV’ (4) 
where the term f H  represents the ratio 
of the heat which the eddy actually 
transported through the distance 1 com- 
pared to what it could have trans- 
ported if it did not lose any in transit. 
Since liquid metals have high molecu- 
lar thermal conductivities, the eddies 
may lose a good portion of their heat 
to the surrounding liquid by both con- 
duction and convection. The fraction 
lost (1  - f r r )  will of course vary with, 
among other things, the speed at which 
the eddy travels and the thermal con- 
ductivity of the liquid metal. 

For fully-developed flow in a round 
tube the heat flux across an imaginary 
cylindrical surface, coaxial with the 
axis of the tube, by eddy conduction 
would be 

( 5 )  
dt 
dr 

q = f,Zv’C,p- 

The lost flux at that particular location 
would then be 

(6) 
dt 

(1 -f€r)Iv’C9p- dr 

The rate of heat loss by an individual 
eddy would be 

h ( t ,  - t )  (surface area of eddy) 
(7)  

where t, and t are the temperatures of 
the eddy and surrounding fluid, re- 
spectively. I t  can be assumed that the 

ratio of total eddy surface to the imagi- 
nary cylindrical surface, which is re- 
lated to the number of eddies per unit 
volume of fluid, is proportional to the 
eddy Reynolds number e y / u  raised to 
some power. Making this assumption 
one can combine Equations (6) and 
(7) to give 

( a  constant) h(t,- t )  ( 4 ~ ) ~  (8)  
Drawing an analogy between velocity 
and temperature, as far as eddy prop- 
erties are concerned, one can assume 

dt 
t , - t m l -  

dr 
Also one can write the equation 

k 
b 

h = -  

(9) 

where k is the molecular conductivity, 
and b represents the effective thick- 
ness of the film, around the eddy, 
through which the heat must be trans- 
ferred. Equation (10) assumes that 
the eddy itself moves in streamline 
motion with respect to the surrounding 
medium. Streamline conditions were 
assumed, not because all the eddies 
move in this fashion, but because, for 
all practical purposes, it seems logical 
to assume that those which lose their 
heat are the ones which are moving 
more slowly and most probably in the 
laminar manner. 

Combining Equations ( 8 ) ,  (9), and 
(10) one obtains 

k 
(a  constant) - b ( e M / v ) *  ( 11) 

The definition of Nusselt number im- 
plies that the film thickness b is pro- 
portional to the particle diameter, and 
in turbulence the eddy diameter is 
generally assumed to be proportional 
to 1. 

Analogously to Equation (4) one 
now writes the eddy diffusivity for 
momentum transfer as 

f M h ’  (12) 
With these relationships Equation 
( 11) can be reduced to 

where a = a constant, and 

(14) 

An analogous treatment will now be 
given for the eddy diffusivity of mo- 
mentum transfer. 

The shearing stress, due to momen- 
tum transfer by eddy diffusion, along 
an imaginary cylindrical surface at any 
radius in turbulent pipe flow is given 
by the equation 

E l i  f H  q J = - = -  
€24 f i l l  

(15) 
f&’ p du 

7 = - -  

go dr 
The shear stress which is lost in transit 
is then 

(16) 
(1-fM)ZZ)’p du - 

g o  dr 

This can be related to the drag on the 
particle of fluid, which for viscous flow 
of the surrounding fluid is 

3n-do& F = -  
g o  

The shearing stress on the particle be- 
comes proportional to F/d.”, or to 

(17) 

Equations (16) and (18) can now be 
combined, and the term ( d u ) ”  incor- 
porated as in Equation ( 8 ) ,  to give 

1 - f. = (a  constant) - ( e y / u ) “  
P 

pv’d,, 
(19) 

z t  / 

/ /// gf- 1 

2 * 7 10‘ 2 4 7 10s 2 4 I 106 2 

REYNOLDS N U M B E R .  

Fig. 2. Values of [ C M / Y ] ~ ~ ~  for fully estab- 
lished turbulent flow of liquid metals through 
circular tubes, annuli, and rod bundles with 

equilateral triangular spacing. 
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Remembering that the actual particle 
Reynolds number 

one can reduce Equation (19) to 

1 
f d b  = 1 + C ( f M / V ) n - l  

where c equals a constant. Finally sub- 
stituting Equations (13) and (21) 
into (14),  and simplifying, one obtains 

There are insufficient experimental 
results available to evaluate all three 
constants, a, c, and m, in this equation, 
but there is good reason to believe, as 
explained later, that c is small com- 
pared with the a/N,, term and can be 
neglected. Therefore 

- U + =  l - - [ (v/Esf)m]av (22a) 
N P ,  

where both + and ( V / E ~ ) ~  are aver- 
aged over the channel area. Evaluat- 
ing a and m in this equation would 
involve a lot of trial-and-error calcula- 
tions. Moreover Equation (22a) would 
not be a very convenient equation to 
use anyway for calculating values of 

A more convenient approach is to 
write the equation 

and let the constants readjust to main- 
tain the applicability of the equation. 
This is feasible because ( Y / c ~ ) ~ ~  and 
( E ~ / v ) ~ ~ ~  bear a fixed and equal ratio 
to each other for flow through pipes 
and annuli and for in-line flow through 
rod bundles. Since the quantity 
( E ~ / v )  max is relatively easy to obtain, 
Equation (22b) is convenient to use 
in evaluating $ for use in semiempirical 
equations, such as (2a), for estimating 
heat transfer coefficients. 

Values of [ e M / v ] , . ,  used in this 
paper are shown plotted against the 
Reynolds number in Figure 2. 

For flow in pipes values of [ E ~ / Y ] , , , , ~  

were calculated from the following 
equation ( 4 )  : 

E J V  = 

0.72S'( I-:) ( l - d l - y / R )  

(23) 
~ 

where So = ( R / v ) d T g o / P .  The quan- 
tity C, /V  reaches a maximum at y/R 
= 5/9. 

For flow in annuli C ~ / V  was obtained 
by first calculating eM by use of the 
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TABLE 1. CRITICAL PECLET NUMBERS 

A rod bundles 
NP? Tubes Annuli* P / D  = 1.375 P / D  = 1.700 P / D  = 2.200 

0.005 117 270 460 622 770 
0.01 131 300 530 720 890 
0.02 144 330 582 800 1,000 
0.03 150 345 603 840 1,056 

For heat transfer through either the inner or outer wall. 

standard shear-stress equation 

- = - [ ~ + E M ] z  % du (24) 

P 

The velocity distribution results of 
Rothfus (9) were used, and the 
method of calculation was the same as 
that used by Dwyer and Tu (10). For 
a given set of conditions the value of 
( E ~ / v ) , ~ ~  for the flow in that portion 
of an annulus lying between rl and r,  
is the same as that for the flow in that 
portion lying between rm and r,. 

For the case of in-line flow through 
rod bundles having equilateral triangu- 
lar spacing was also calculated by 
means of Equation (24) with the an- 
nulus velocity-profile results of Rothfus 
and the method of Dwyer and Tu. 

With reference to Figure 2 it will be 
noticed that, for the various geome- 
tries, there is a large spread in the val- 
ues of [ E ~ / v ] , . ,  for a given Reynolds 
number, with pipes giving the highest 
values and bundles the lowest. This 
means that for a given Reynolds num- 
ber, or for a given Peclet number (at 
constant Prandtl number), values of $ 
are greatest for flow in pipes and least 
for flow through bundles. Thus in the 
latter case considerable error can be 
introduced by assuming that $ equals 
unity, as is often done for flow in pipes, 
particularly at the lower Peclet num- 
bers. 

The two constants, a and m, in 
Equation (22b) must be evaluated 
from experimental data. Theoretically 
they can be evaluated from experi- 
mental determinations of either + or h. 

There are available three sets of re- 
sults on the experimental determination 
of +, which might be used to evaluate 
a and m. They, shown in Figure 3, 
were all obtained on mercury, were 
based on measurement of velocity and 
temperature profiles, and were sup- 
posed to be obtained under conditions 
of turbulent flow where both velocity 
and temperature profiles were fully 
established. Isakoff and Drew (21) 
made their measurements in a 1.5 in. 
I.D. stainless steel electrically-heated 
round tube in the Reynolds number 
range 36,700 to 373,000. Later Brown 
et al. ( 1 1 )  made measurements in a 
1.61 in. I.D. nickel steam-heated round 

tube in the Reynolds number range 
250,000 to 800,000. And finally Mizu- 
shina and Sasano (6) made measure- 
ments in a 25 x 150 mm. stainless 
steel rectangular channel in the Reyn- 
olds number range 10,000 to 130,000. 
The channel was heated on one side 
and cooled on the other by flowing 
water. 

I t  is immediately apparent from Fig- 
ure 3 that the agreement between the 
three sets of results is poor. Presumably 
it is the difficulty in making highly 
accurate temperature measurements 
which is mostly responsible for the lack 
of agreement, for it is not the tempera- 
tures but the temperature gradients 
which are important. The quantity $ 
in the figure represents the average 
value of p, as defined by the equation 

5 = 2 f + ( r / R ) d ( r / R )  (25) 

for flow in circular tubes. 

Owing to the great differences which 
exist between the + determinations of 
the different investigators, it was de- 
cided that it would be better to evalu- 
ate the constants in Equation (22b) 
from h measurements, instead. These 
measurements were by far the most 
numerous for Pr = 0.02. Under these 
conditions Equation (22b), after the 
constants are evaluated, becomes 

( 2% ) 
- + =  1 -  (€M/V)'~,~Y I N p 4 0 2  

This equation is shown plotted in Fig- 
ure 4. For a given Peclet number it 
appears that on the basis of existing 
results $ is essentially independent of 
Prandtl number in the fully turbulent 
regime. This is tantamount to saying 
that the constant G in Equation (22) is 
negligible compared with the a / N p ,  
term. Under these conditions Equation 
(22c) becomes 

which was then used to calculate the 
curves for N p ,  = 0.01 and 0.03 in 
Figure 4. 

With reference to Equation (22d), 
for a given value of the Prandtl num- 
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ber, as the flow rate is reduced, a value 
of the Reynolds number will eventu- 
ally be reached at which 6 becomes 
zero. Below this Reynolds number, and 
corresponding Peclet number, the 
equation no longer holds. A listing of 
these critical Peclet numbers, for the 
geometries considered in this paper, is 
given in Table 1. They were obtained 
by solving Equation (22d) after set- 
ting $ equal to zero. 

As the Peclet number is increased, 
the critical value is that at which eddy 
transport begins to assert itself in con- 
tributing to the total convective heat 
transfer rate. 

Values of the parameter G, evaluated 
by Equation ( 2 2 4 ,  will now be used 
to predict new NNu vs. N,, curves for 
turbulent flow of liquid metals through 
circular tubes, annuli, and rod bundles. 
These curves will then be compared 
with experimental results. 

In choosing the experimental results 
for comparison with the new theoreti- 
cal curves, no results published prior 
to 1956 were used. Before that date 
results were for the most part obtained 
on mercury and lead-bismuth alloy, un- 
der conditions where wetting probably 
did not exist. This meant that en- 
trained gas and/or particulate matter, 
which are often present, probably col- 
lected at the interface between the 
flowing metal and heated surface, con- 
tributing to low results. Results ob- 
tained in recent years, under improved 
experimental conditions, tend to give 
higher coefficients, particularly at the 
higher Peclet numbers. 

In the comparisons below the ex- 
perimental results which are used were 
obtained, for the most part, under wet- 
ting conditions or where relatively high 
contact resistances were not suspected. 

FLOW IN CIRCULAR TUBES 

Equation (2a) is the standard semi- 
theoretical, semiempirical equation for 
estimating heat transfer rates to liquid 
metals flowing in circular tubes under 
conditions of constant heat flux and 
fully-established flow. In this equation 
the parameter $ is often taken as unity 
at all values of the Peclet number. 
Combining Equations ( 2 a )  and ( 2 2 4  
one gets 

N s .  = 7.0 + 
0.025 [ N,. - 

( d u )  1.4,"nx 

which will now be tested against ex- 
perimental results. It applies when the 
Peclet number is above the critical 
value, that is above the highest Reyn- 
olds number, for a given Prandtl num- 

'"C 
1.2: 

O B I  0.6 ~ 

0.2 O 4 I  

/ 

/' 
/ 

0.022 

0.024 

0.020 L l  
Fig. 3. Comparison of the results of the ex- 
perimental determination of the eddy diffu- 
sivity ratio by various investigators, showing 

the effect of turbulence on T. 

ber, at which molecular conduction is 
the sole mode of heat transfer. 

High Peclet Number Range 

Figure 5 shows the experimental re- 
sults of Brown et al. (11) and Kirillov 
et al. ( 1 2 ) ,  both for mercury flowing 
in nickel tubes. For this case, particu- 
larly in this range of Peclet numbers, 
there is little difference between Equa- 
tions ( 2 )  and (26). Nevertheless 
Equation (26) appears to fit the data 
points better. The two sets of experi- 
mental results are in good agreement. 
The Hg-Ni system is a wetting system. 
Therefore there should have been no 
contact resistances to heat transfer be- 
tween solid and liquid metals. 

Intermediate Peclet Number Range 

In this range three sets of experi- 
mental data are available for compari- 
son with Equations (2)  and (26).  See 
Figure 6. Owing to lack of agreement 
between the results of the different in- 
vestigators, a clearcut comparison be- 
tween theory and experiment is not 
possible. 

The experimental results of Kirillov 
et al. ( 1 2 ) ,  and Khabakhpaseva and 
Il'in ( 1 3 ) ,  below Pe = 300, agree 
quite well with the recommended 
curve. Above 300 they agree very well 
with the Lyon-Martinelli curve. The 
results of Novikov et al. (14)  are 
judged to be definitely too low. Again 
all three investigations were conducted 
with wetting systems. The recom- 
mended curve appears to represent a 

1.0 c 
0 8  c 

,i O 6 I  04  

O:I, 

;on9 / / / I 

I 
2 4  

Fig. 4. Graphical representation of Equation 
(22d). 

compromise between the differing re- 
sults. 

Law Peclet Number Range 

Calculated NusseTt numbers from 
Equations ( 2 )  and (26) will now be 
compared with the experimental results 
of Pirogov ( 1 5 )  for flow of sodium in 
20-mm. I.D. copper tubes. The data 
were apparently taken under condi- 
tions of constant heat flux and fully- 
established flow. As seen in Figure 7 ,  
at the low Peclet numbers, the results 
agreed with the condition that NU = 
7.0, as they should, but as the flow 
rate was increased, they fell more and 
more above the Lyon-Martinelli curve. 
Thus Pirogov's results, at the highest 
flow rates, are undoubtedly too high 
and therefore give poor agreement 
with Equation (26) .  

There is one other set of experimen- 
tal results obtained in this range. 
Petukhov and Yushin (16) obtained 
them for flow of mercury through a 
carbon-steel tube. They covered both 
the laminar- and turbulent-flow re- 
gimes. In the laminar regime the re- 
suIts agreed with the equation Nu = 
48/11, as they should, but in the tur- 
bulent regime they are believed to be 
quite low. The validity of these results 
is clouded by the fact that wetting in 
all probability did not exist. For this 
reason the results were not shown in 
Figure 7 .  

Recommended Curves 

Figure 8 shows the suggested curves 
for representing heat transfer condi- 
tions to liquid metals flowing in a cir- 
cular tube under conditions of constant 
heat flux and fully-established flow. In 
the laminar region NNr = 48/11; in 
the lower turbulent region, where mo- 
lecular conduction is the only mode of 
heat transfer, N,, = 7.0; in the middle 
and upper turbulent regions, where 
both molecular conduction and eddy 
conduction exist, N,,  is given by Equa- 
tion (26) .  

For flow in tubes it is apparent that 
the recommended curves are, after all, 
not greatly different from the Lyon- 
Martinelli curve. At both ends of the 
turbulent-flow iegime there is perfect 
agreement. The greatest disagreement 
occurs in the region of transition from 
total to partial heat transfer by molec- 
ular conduction. The transition point 
varies slightly, depending on Prandtl 
number. At these points the recom- 
mended N N ,  vs. N,,  curve gives NUS- 
selt numbers which are about 14% be- 
low that by Equation ( 2 ) .  

In Figure 8 the dashed lines repre- 
sent the possible range of Reynolds 
numbers encountered in passing be- 
tween laminar- and turbulent-flow re- 
gimes. 
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FLOW IN A CONCENTRIC ANNULUS 

Application of Equation (22d) to 
annuli will be compared with two sets 
of typical experimental data, one for 
the case of heat transfer through the 
inner wall only and one for the case of 
heat transfer through the outer wall 
only. In both cases the experimental 
coefficients were calculated from sur- 
face temperature measurements taken 
under conditions of constant heat flux 
and fully-established flow. 

Heat transfer to liquid metals flow- 
ing through a concentric annulus under 
conditions of constant heat flux, fully- 
established turbulent flow, and heat 
transfer through the inner wall only, is 
represented by the following semiem- 
pirical equation of Dwyer and Tu 
(17 ) :  

where 
N m ,  1 = + /3i($NPB)Y1 (28) 

a1 = 4.63 + 0.686~ 
= 0.02154 - 0.000043~ 

and 
71 == 0.752 + 0.01657~ - 

0.000883y2 
This equation corresponds to Equation 
(2a) for flow inside circular tubes. I t  
will now be compared with experimen- 
tal results both ways, that is where $ 
is taken as unity and where it is evalu- 
ated by Equation (224 .  Figure 9 
shows the results of Petrovichev (18)  
for flow of mercury through a steel an- 
nulus having a y value of 1.55. The 
points fall in the upper Peclet number 
range, where there happens to be little 
difference between the recommended 
curve and that of Equation (28). 
Nevertheless the agreement between 
the experimental results and the recom- 
mended curve is not bad. 

For heat transfer through the outer 
wall only, the semiempirical equation, 
by Dwyer and Tu, is 

where 
N N , ,  2 = az + / 3 s ( I j r N ~ e ) "  (29) 

a? = 5.26 + 0.0500~ 

8 2  = 0.01848 -t 0.003154~ - 
0.0001333y' 

and 
y2 = 0.780 - 0.01333~ + 

0.000833y2 

This equation, with $ taken as unity at 
all Peclet numbers and with & evalu- 
ated in accordance with Equation 
(22d), is compared in Figure 10 with 
the experimental results of Petrovichev 
(18)  for cooling mercury in a steel an- 
nulus having a y value of 1.67. Again 
the agreement between the experimen- 
tal results and the recommended curve 
is not bad, the former falling just 
slightly below the latter. Wetting con- 
ditions presumably did not exist, and 
therefore there was the possibility of 
some contact resistance. 

IN-LINE FLOW THROUGH ROD 
BUNDLES 

There are two semiempirical equa- 
tions in the literature for this case, 
both based upon the conditions of 
fully-established turbulent flow, con- 
stant heat flux, and equilateral triangu- 
lar pitch. Dwyer and Tu's (10) equa- 
tion is 
N,,& = 0.93 + 10.81 ( P / D )  - 

2.01 (P/D)' + 
0.0252(P/D)0~."(~NP.)08 (30) 

which was developed for the ranges 
10" L Pe 10' and 1.3 6 P/D 

2.5, while Friedland and Bonilla's 
( 2 4 )  equation is 

N,,, = 7.0 + 3.8 ( P / D ) l  5a + 
0.027 (P/D) o.n ( $Np,  ) O (30a) 

which applies to the ranges 0 L Pe 
lo" and 1.3 P/D 10. In the upper 
turbulent region, where eddy conduc- 
tion is a contributing mode of heat 
transfer, Equation (30) is believed to 
be more reliable than (30a), owing to 

the fact that it was based on more com- 
plete, more recent, and presumably 
more accurate velocity-profile data 
than was Equation (30a). 

With the same procedure as before 
Equation (30) is plotted in Figure 11 
two ways: with $ assumed equal to 
unity and with evaluated in accord- 
ance with Equation (22d). The agree- 
ment between the former curve and 
the experimental results of Friedland 
et al. (19)  is very poor, whereas that 
between the latter curve and the ex- 
perimental results is excellent. The ex- 
perimental points shown in Figure 11 
are the same as those given in Figure 
5 of reference (19 ) ,  except that slight 
corrections for variation in heat loss 
from the test section have been ap- 
plied. The results were obtained on the 
central rod of a thirteen-rod bundle. It 
was chromium-plated and therefore 
unwetted by the mercury. The results 
shown are believed to be reliable for 
they have since been duplicated sev- 
eral times (21)  by results on other 
elements, both wetted and unwetted, 
at the Brookhaven National Labora- 
tory. For perfectly clean and gas-free 
systems there is, in the present author's 
opinion, no difference between wetted 
and unwetted liquid-metal heat trans- 
fer results. 

I t  will be noticed that the difference 
between the two curves in Figure 11 
is quite large compared with the dif- 
ference between the two curves in 
Figure 5, for example. This is due to 
the fact that, at a given Reynolds num- 
ber, the value of ( E J V ) , , , ~ ~  is much less 
for flow through rod bundles than for 
flow through pipes. This leads to a 
situation in the lower portion of the 
turbulent flow regime which is of con- 
siderable interest, as far as heat trans- 
fer to liquid metals flowing in-line 
through rod bundles is concerned. Fig- 
ure 12 presents what the author be- 

3 0  3 
z 2 0  Nu:70+ 0 025 I Pe?'  

EQUATION [ 26 1 W 

I ,  

' 8  10' 2 6 lo3 2 4 6 lo4 2 
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Fig. 5. Heat transfer to mercury flowing in round tubes in 
the high Peclet number range, under condition of constant 
heat flux. Comparison between semiempirical equations and 

experimental results. 
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Fig. 6. Heat transfer to liquid metals flowing in round tubes 
in the intermediate Peclet number range under condition of 
constant heat flux. Comparison between semiempirical equa- 

tions and experimental results. 
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Fig. 7. Heat transfer to liquid metals flowing in round tubes 
in the low Peclet number range under condition of constant 
heat flux. Comparison between semiempirical equations and 

experimental results. 

lieves to be the situation for heat 
transfer to rod bundles, in the turbu- 
lent-flow regime, from barely turbulent 
to very turbulent flow. Curves are 
shown for three different P/D ratios. 
The interesting thing is that the Nus- 
selt number, for a given P / D  ratio, 
remains essentially constant for a long 
distance into the turbulent regime, in- 
dicating that in this region the eddy 
contribution to heat transfer is negli- 
gible. As the flow rate is increased, a 
point is reached where eddy transfer 
begins rapidly to assert itself, and 
soon thereafter the Nusselt number in- 
creases almost proportionately with thc 
0.5 power of the Peclet number. 

Over the lower end of the turbulent 
flow regime, where eddy transport is 
insignificant, it is estimated that the 
Nusselt number is not absolutely con- 
stant but increases slightly ( -5% ) 
owing to the changing velocity profile 
with increase in flow. 

It  is now apparent that many liquid- 
metal heat exchangers have been de- 
signed to operate under conditions 
where the heat transfer coefficients for 
in-line flow through the tube bundles 
are not significantly higher than they 
would be if streamline flow conditions 
existed. 

In the case of flow in tubes it is esti- 
mated that for N,, = 0.02 the Nusselt 
number begins to rise above the molec- 
ular-conduction value at a Peclet num- 
ber of around 145, while in the case of 
in-line flow through bundles the cor- 
responding Peclet number is about 580 
at  a P / D  ratio of 1.38 and about 1,000 
at a €'ID ratio of 2.20. Again the rea- 
son for this is found in Figure 2;  that 
is for a given Reynolds number values 
of [ E ~ / v ] , . ,  for pipes are about a fac- 
tor of 4 greater than those for bundles. 
In other words for bundles for exam- 
ple below Nn, = 50,000 (for P/D = 
2.20 and N p r  = 0.02) the eddies do 
not travel fast enough to prevent losing 
essentially all their sensible heat while 
in transit. 

z 
4 
3 I I I 1  I I , I  I I 1  

103 2 4 7 lo4 z 4 7 105 z 4 7 106 
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Fig. 8. Suggested curves for heat transfer to liquid metals 
flowing through circular tubes under conditions of constant 

heat flux and fully-established flow. 

A L T E R N A T I V E  EQUATIONS FOR 
By making somewhat different as- 

sumptions it is possible to derive a 
number of equations, besides ( 2 2 ) ,  for 
evaluating the quantity $, all based 
upon the basic idea used in deriving 
Equation (22). 

For example if the ( E ~ / v ) ~  term is 
omitted from Equations (8) and (ll),  
which is simply to assume that the heat 
and momentum undelivered by the 
eddy particle is proportional to the 
heat and momentum respectively lost 
by a representative single particle in 
transit, then 

a constant 
(a constant) + 

and for F the equation would be 

(34) 
(a constant)p(v')"d," 

63 
F =  

Using these equations, and the same 
general procedure employed in deriv- 
ing Equation (22), one can obtain a 
comparable relationship for +, on the 
basis of a turbulent model. This rela- 
tionship however is complex. It can be 
simplified by making assumptions simi- 
lar to those made in obtaining Equa- 
tions (31) and (32). For example if it 
is assumed that the particle Reynolds 
number is proportional to c ~ / v ,  one ob- 
tains 

(a  constant) ( ~ , , J v ) " + ~  - ( a  constant) ( E ~ / V ) " ' + '  ' 
1- NPP3 

(35) Npr 
1 - (a  constant) ( e x / v )  $ =  

This equation, having four constants, 
could be made to fit almost any curve, 
and therefore it does not prove very 
much. Making the further simplifying 
assumption of dropping the ( E ~ / u ) ~  
term from Equation (8) ,  as was done 
to obtain Equation (31),  one ends UP 
with 

which is the same as Equation (22),  
except there is no exponent on the c M / v  
term. 

Again if in deriving Equation (31) 
one had assumed that Cg were propor- 
tional to bv', one would have obtained 

( a  constant) - ( a  ~onstant)N~," ' [ [s~/v]~ '~ 
$ = (a constant) - (36) 

Nrr [ ~ u / v l  

a constant 
INSULaTED WALL 1- 30 

N P ,    EM/^) 
( 3 2 )  i2: ' = a constant m 

$ I0 

5 8  

1- 
€ , / V  

If one had assumed a model where 
the flow was turbulent rather than 4 

streamline, instead of Equation (10) 
for h and (17) for F ,  one would have 2 '  lo2 2 4 6 8 0' 2 4 6 8 10' 

to use their turbulent counterparts. For 
equation$ 

proposed by Ranz and Marshall ( 2 3 ) :  

5 = 2.0 + O . ~ ( ~ . O ' / V ) ~ ' " (  C,p/k)''a 

PECLET NUMBER 

One can use the Fig. 9. Heat transfer rates to mercury flowing 
in an annulus under conditions of constant 
heat flux, fully-established flow, and heat 
transfer through inner wall only. Comparison 
between semiempirical equations and experi- 

mental results of Petrovichev (18). 
k 

( 3 3 )  

A.1.Ch.E. Journal March, 1963 Page 266 



30 

20 

Y 15 
I 
f 10 

$ 6  
3 
r 4  U A l l O N  [ 291 WITH EVALUATED 

3 ACCOROING TO Eq I 2 2 6 1  

10' 2 4 6 B d  2 3 4  6 8 1 0 '  

PECLET NUMBER 

Fig. 10. Heat transfer rates to mercury flowing 
in a steel annulus under conditions of con- 
stant heat flux, fully-established flow, and 
heat transfer through outer wall only. Com- 
parison between semiempirical equations and 

experimental results of Petrovichev (18). 

LVALUITED ACCORDING 

TO EP [m] 
I I l l  1 1 1  

It was subsequently found that the first 
constant in this equation was so close 
to unity that it was set at that, the two 
constants in the numerator then being 
evaluated from experimental data. 

Equation (31) actually has two con- 
stants, but one of them was dropped as 
was done in Equation (22), for two 
reasons. First, there are not sufficient 
experimental results available for dif- 
ferent values of the Prandtl number to 
evaluate the second constant. Second, 
this constant is most probably negligi- 
ble compared with the other term in 
the numerator of the fraction. This lat- 
ter assumption is consistent with the 
idea that in the higher part of the Pec- 
let number range the Nusselt number 
is independent of Prandtl number for 
liquid metals. 

After one evaluates the constants in 
Equations (311, (32),  and (36) from 
experimental results, as was done in 
the case of Equation (22d), the equa- 
tions finally become 

50 1 1 1 1  1 1 ,  

40  

I 

of them could be used to evaluate $ 
without causing great displacement in 
the NNu vs. N p ,  curve, which tends to 
give added support to the basic ana- 
lytical model which has been used. 

Another point is worthy of mention. 
Equations (32a) and (36a) give val- 
ues of IF. which indicate the Nusselt 
number to be independent of the 
Prandtl number in the higher Peclet 
number range. This was, in part, the 
justification for dropping one of the 
two constants in Equations (22) and 
(31). 

Equation (36a), with respect to the 
other three equations, is unique in that 
it gives values of $ which can exceed 
unity. There is no theoretical reason 
why 7 cannot exceed unity. In fact this 
author suspects that it may well do so, 
at very high Reynolds numbers. This 
then raises a question concerning the 
assumption of streamline flow condi- 
tions at the boundary layers surround- 
ing the individual eddy particles, 
which was made in deriving Equation 
(22).  It may well be that this assump- 
tion is not valid at very high degrees 
of turbulence. If so an equation such 
as (22d) would be the one to use in 
the lower portion of the turbulent re- 
gime and one such as (36a) in the 
upper portion. In any event the de- 

As before +-and [ E J Y ] , , , , ~  were used 
instead of $ and E , / U  when the con- 
stants were determined. These three 
equations give $ vs. [cx/vlrnax curves 
very similar to those for Equation 
(22d) shown in Figure 4. This is so, 
even for Equation (31a) which has 
only a single constant. The similarity 
of these equations, as far as their 
curves are concerned, shows that any 
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partures from unity would probably be 
very small and therefore have little ef- 
fect on the N N I ,  vs. N,, curve. Before 
such fine distinctions are possible, more 
experimental results of high accuracy 
are required. 

CONCLUSIONS 

A very practical method has been 
presented for evaluating the quantity 

A.1.Ch.E. Journal 
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Fig. 12. Recommended curves for predicting 
heat transfer rates to liquid metals flowing 
in-line through unbaffled rod bundles under 
conditions of constant heat flux and fully- 

established flow. 

JI for use in semiempirical equations for 
estimating heat transfer coefficients for 
turbulent, internal flow of liquid met- 
als. 

Owing to the great difficulty in get- 
ting accurate liquid metal heat trans- 
fer data, it should be expected that 
there will be some disagreements with 
any type of correlation, no matter how 
accurate. When one considers this, the 
applicability of Equation ( 2 2 4  to flow 
of liquid metals through tubes, annuli, 
and rod bundles has been quite well 
established. The fact that $, for use in 
Equations (2a),  (28),  (29),  and (30), 
can be satisfactorily evaluated by a 
single relationship is taken as an indi- 
cation of its fundamental soundness. 

Based upon the present study the fol- 
lowing procedures are therefore recom- 
mended for estimating heat transfer 
rates for liquid metals flowing under 
conditions where the heat flux is con- 
stant, and the flow is turbulent and 
fully established. 

Flow in a circular tube 
Below critical Peclet number, 

Above critical Peclet number, 
Equation (26) 

Flow in a concentric annulus with 
heat transfer from inner wall only 

NNu, mc == 7.0 

Below critical Peclet number 

N,, mc, 1 = 4.92 + 0.6869 (37) 
Above critical Peclet number, 
Equations ( 2 2 4  and (28) 

Flow in a concentric annulus, with 
heat transfer from outer wall only 

Below critical Peclet number 

NNu,  = 5.52 + 0 .076~  (38) 

Above critical Peclet number, 
Equations ( 2 2 4  and (29) 

In-line flow through a rod bundle 
(equilateral triangular spacing, and 
1.3 > P / D  > 5 

Below critical Peclet number 

NNU,  = 3.65 + 5.75(P/D)'." 
(39) 

Above critical Peclet number, 
Equations ( 2 2 4  and (30) 

Equation (39) was obtained from 
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calculated results a t  P/D = 1.7, with 
the velocity profile of Rothfus et al. 
(9) and the assumption that the ratio 
("u, tnc - "u, L )  / ("u, B - NNu, 6 )  
was independent of the P / D  ratio. In 
the Peclet number range 1.3 to 5.0, 
Nusselt numbers by Equation (39) 
turn out to be less than 5% less than 
those calculated from the first two 
terms in Equation ( 3 0 ~ ) .  To arrive at 
Equation (39) the calculated laminar 
results of Sparrow et al. ( 2 2 )  and the 
slug-flow results of Friedland and 
Ronilla ( 2 4 )  were used. 

The constants in Equations ( 2 2 d ) ,  
(31a), (32u), and (36a) have been 
evaluated with what are considered as 
the most dependable experimental re- 
sults available at this time. As addi- 
tional results become available, these 
constants can be expected to change. 

NOTATION 

U 

b 

C 

c, 

do 
D 

V. 

f I! 

f N 
F 

6.  

h 

k 

1 

1' 

m 
n 
N,. 

= a constant in Equation (13) 
= effective thickness of film 

around eddy particle, ft. 
= constant in Equation (21) 
= specific heat, (B.t.u./lb.-mass) 

( O F . )  
= diameter of eddy particle, ft. 
= outside diameter of rod or 

tube, ft. 
= four (cross-sectional flow 

area) /wetted perimeter, ft. 
= fraction of heat energy, origi- 

nally possessed by an eddy 
particle, which is delivered at 
point where particle comes to 
rest with respect to rest of 
fluid 

= same as f B  except for momen- 
tum transfer 

= drag force on eddy particle, 
lb. -force 

= conversion factor, (1b.-mass) 
(ft.)/(lb.-force) (hr.)' 

= heat transfer coefficient, B.t.u./ 
(hr.) (ft.)"( O F . )  

= thermal conductivity, B.t.u./ 
(hr.) (ft.) (OF.) 

= average eddy mixing length, 
ft. 

= instantaneous eddy mixing 
length, defined b i  Equatiog 
(3), ft. 

= exponent in Equation (22) 
= exponent in Equation ( 8 )  
= hD./k = Nusselt number, di- 

mensionless 
N , , , ,  = Nusselt number for turbulent 

flow involving molecular con- 
duction only 

N,,,, ,  = Nusselt number for heat trans- 
fer to liquid metals flowing 
through annuli, where heat is 
transferred from the inner wall 
only, dimensionless 

NN,,,,,,c,l = same as N,,,,, except it in- 
volves molecular conduction 
only 

N,,,, = Nusselt number for heat trans- 
fer to liquid metals flowing 
through annuli, where heat is 
transferred from the outer wall 
only, dimensionless 

N,.~,,,z = same as NNU,2 except it in- 
volves molecular conduction 
only 

N N u , L  = laminar-flow Nusselt number 
NIY,I,S = slug-flow Nusselt number 
P = rod pitch, or distance between 

rod centers in bundle, ft. 
D,V,"PC, 

= Peclet number, k 
dimensionless 

= C , p / k  = Prandtl number, di- 
mensionless 

= heat flux, B.t.u./(hr.) (ft.)' 

= inner radius of annulus, ft. 
= outer radius of annulus, f t .  
= radius of maximum velocity in 

= radius of circular tube, ft. 

N m  = 

N,.< 

9 
r = radial distance, ft. 
r, 
r- 
rm 

R 
concentric annulus, ft. 

D.v,p N B ,  = - = Reynolds number, 
Ll 

dimensionless 

parameter, dimensionless 

__ 
S" = ( R / u )  v 'Tg. /p  = tube-radius 

t = temperature, O F .  

t,, 

u 

u' 

= temperature of eddy particle, 
O F .  

= linear velocity at  radius r in x 
direction, ft./hr. 

= fluctuating component of ve- 
locity in axial direction, ft./ 
hr . 

= same as u' except in y direc- 
tion, ft./hr. 

= average linear velocity through 
pipe, annulus, or rod bundle, 
f t .  / hr. 

u' 

v;,, 

x = axial distance, ft. 
y = radial distance measured from 

tube wall, ft.; also, with ref- 
erence to concentric annuli, y 
= r2/r1,  dimensionless 

Greek Letters 
al, /3,, yl = quantities defined in Equa- 

tion (28) , dimensionless 
as, &, y2 = quantities defined in Equa- 

tion (29) ,  dimensionless 
el! = eddy diffusivity for heat trans- 

fer, sq.ft./hr. 
E , ,  = eddy diffusivity for momen- 

tum transfer, sq.ft . /hr . 
p = molecular viscosity, 1b.-mass/ 

(ft.) (hr.) 
p, = eddy viscosity, lb-mass/ (ft.) 

u = kinematic viscosity, sq.ft./hr. 
p = density, 1b.-mass/cu.ft. 
T = shear stress at  radius r, 1b.- 

force/sq.ft. 
$ = s ~ / E , , , ,  dimensionless 
+ 

(hr.) 

- 
= average value of + for use in 

Equations ( 2 u ) ,  (28),  (29) ,  

(30), and (~OU), dimension- 
less 
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